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Abstract
We introduce a new cardinal invariant, core of a space, defined for any locally compact Hausdorff space X and denoted
by cor(X). Locally compact spaces of countable core generalize locally compact σ -compact spaces in a way that is slightly
exotic, but still quite natural. We show in Section 1 that under a broad range of conditions locally compact spaces of countable
core must be σ -compact. In particular, normal locally compact spaces of countable core and realcompact locally compact spaces of
countable core are σ -compact. Perfect mappings preserve the class of spaces of countable core in both directions (Section 2). The
Alexandroff compactification aX is weakly first countable at the Alexandroff point a if and only if cor(X) = ω (Section 3). Two
examples of non-σ -compact locally compact spaces of countable core are discussed in Section 3. We also extend the well-known
theorem of Alexandroff and Urysohn on the cardinality of perfectly normal compacta to compacta satisfying a weak version of
perfect normality. Several open problems are formulated.
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1. Introduction and elementary facts
In this article, “a space” means “a Hausdorff topological space”. Some of the results below involve various para-
compactness type properties. For definitions of those, see [8].
Let X be a locally compact non-compact space, and let aX be the Alexandroff compactification of X. Then |aX \
X| = 1; let a be the only point of the set aX \X. We call a the Alexandroff point of aX.
It is natural to investigate when, in terms of X, the space aX has various interesting properties at a. It is obvious
and well known that aX is first countable at a if and only if the space X is σ -compact. We establish when Alexandroff
compactification aX is Fréchet–Urysohn at the Alexandroff point a and when aX is weakly first countable at a
(Theorems 3.15 and 3.1, Corollary 3.2). These results bring to the light some new connections between certain open
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results of this paper.
A subset S of a locally compact space X will be called saturated if S is closed in X and S∩P = ∅, for every closed
non-compact subset P of X. Clearly, every saturated subset of a non-compact locally compact space is non-compact.
If U is an open subset of X such that the closure of U is compact, then the set X \ U is, obviously, saturated. On the
other hand, any closed stationary subset S of the space ω1 is also saturated, but the closure of its complement need not
be compact. A closed subset P of a locally compact space X will be called special if P is saturated and the closure of
X \ P is not compact. We obviously have:
Proposition 1.1. A closed subset P of a locally compact space X is special if and only if the closure of the complement
to P is not compact, but every closed subset disjoint from P is compact.
Clearly, a subset S of an infinite discrete space X is saturated if and only if X \ S is finite. The space ω1 has many
special closed subsets. Another typical example of a locally compact space with such subsets is Mrowka’s space Ψ .
Proposition 1.2. Let P be a closed non-compact subset of a locally compact space X, and let A be a saturated subset
of X. Then A∩ P is a closed non-compact subset of X.
Proof. Assume the contrary. Then F = A ∩ P is compact, and there exists an open neighborhood U of F such that
U is compact. Clearly, P1 = P \ U is a closed non-compact subset of X. Therefore, A ∩ P1 = ∅. On the other hand,
A∩ P1 ⊂ A∩ P = F which implies that A∩ P1 ⊂ P1 ∩ F = ∅, a contradiction. 
Proposition 1.3. The intersection of any two saturated subsets A and B of a locally compact space X is a saturated
subset of X.
Proof. Put C = A ∩ B , and let P be any closed non-compact subset of X. By Proposition 1.2, the set P1 = B ∩ P is
closed and non-compact. Therefore, A∩P1 = ∅, since A is saturated. Hence, C ∩P = (A∩B)∩P = A∩ (B ∩P) =
A∩ P1 = ∅. 
It follows that for any non-compact locally compact space X, the family of saturated subsets of X forms a filter in
the family of closed subsets of X.
The core of a locally compact space X, denoted by cor(X), is the smallest cardinal number τ such that, for some
family γ of saturated subsets of X, we have |γ |  τ and ⋂γ = ∅. Obviously, the core of a discrete space X is
countable if and only if X itself is countable.
The following facts are very easy to prove:
Proposition 1.4. The core of every locally compact Lindelöf space is countable.
Proposition 1.5. For any closed subspace Y of a locally compact space of countable core, cor(Y ) ω.
Theorem 1.6. Let X be a locally compact space of countable core. Then every closed discrete subspace H of X is
countable, that is, the extent e(X) of X is countable.
Proof. The core of the subspace H is countable. Since H is discrete, it follows that H is countable. 
Condition cor(X) ω can be reformulated in a natural way using some notions of relative topology. Recall that a
subspace Y of a space X is said to be compact in X from inside if every closed in X subspace F of Y is compact [4].
The next statement is obvious.
Lemma 1.7. An open subset U of a locally compact space X is compact in X from inside if and only if its complement
S = X \U is saturated.
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countable open covering η of X such that each U ∈ η is compact in X from inside.
Proof. By Lemma 1.7, γ is a countable family of saturated subsets of X with empty intersection if and only if
η = {X \ S: S ∈ γ } is a countable open covering of X by sets compact in X from inside. 
Proposition 1.9. Let X be a locally compact space, and U , V be open compact from inside subsets of X. Then the set
U ∪ V is also compact in X from inside. The same holds for any finite collection of such sets.
Proof. This follows from Proposition 1.3 and Lemma 1.7. 
The next statement is obvious.
Proposition 1.10. If a subset U of a space X is compact in X from inside, then U is (relatively) countably compact
in X, that is, every infinite subset of U has a limit point in X.
The next statement follows from Propositions 1.10 and 1.8.
Corollary 1.11. Every locally compact space X of countable core is the union of a countable family of closed pseudo-
compact subsets of X (that are closures of open sets).
Proof. It is enough to mention that the closure of a relatively countably compact subset is pseudocompact. 
Proposition 1.12. Let X be a locally compact space in which every closed pseudocompact subspace is compact. Then,
for every saturated subset A of X, the closure of X \A is compact, that is, there are no special closed subsets in X.
Theorem 1.13. Let X be a locally compact space of countable core such that each closed pseudocompact subspace
of X is compact. Then X is σ -compact.
Proof. Assume that P = X \A is not compact, for some saturated subset A of X. Then P is not pseudocompact, since
the closure of a pseudocompact subspace is pseudocompact. Therefore, there exists an infinite discrete (in X) family
γ of non-empty open in P subsets of P . Since X \ A is dense in P , we can fix xV ∈ (X \ A) ∩ V , for every V ∈ γ .
Clearly, B = {xV : V ∈ γ } is an infinite closed discrete, and therefore, non-compact subset of X, and B ⊂ X \A. Since
A is saturated, we have B ∩A = ∅. On the other hand, from B ⊂ X \A it follows that A∩B = ∅, a contradiction. 
In Section 3 we show that there exist locally compact spaces of countable core that are not σ -compact. Here,
however, we present a series of simple results that demonstrate such spaces are not easy to come by. Indeed, almost
any natural additional restriction on a locally compact space of countable core seems to make it σ -compact.
A space X is a weak aD-space if for each open covering γ of X one can find a closed discrete subset A of X and
a countable subfamily γa of γ for every a ∈ A such that a belongs to every V ∈ γa and the family ⋃{γa : a ∈ A}
covers X (see [3]). This concept generalizes the notion of a D-space introduced by E. van Douwen. A space X is said
to be perfect if every closed subset of X is a Gδ-set in X. A space is submetrizable if it admits a one-to-one continuous
mapping onto a metrizable space. A space X is said to have a regular Gδ-diagonal if there exists a countable family
of open neighborhoods of the diagonal 	X in the space X×X such that 	X is the intersection of the closures of these
neighborhoods.
Theorem 1.14. Let X be a locally compact space of countable core satisfying at least one of the following conditions:
(1) X is countably paracompact;
(2) X is normal;
(3) X is realcompact;
(4) X is a Moore space;
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(6) X is countably compact;
(7) X is perfect;
(8) X is a D-space;
(9) X is symmetrizable;
(10) X is submetrizable;
(11) X has a regular Gδ-diagonal;
(12) X is metacompact;
(13) X is subparacompact;
(14) X is δθ -refinable.
Then X is σ -compact.
Proof. If (1), we apply Proposition 1.8. If (2), we refer to Corollary 1.11 and to the fact that every normal pseudo-
compact space is compact. We argue similarly in case (3), using the fact that realcompact pseudocompact spaces are
compact. Every σ -discrete network in X is countable since the extent of X is countable. And every locally compact
space with a countable network is second-countable. This takes care of cases (4) and (5). Cases (6) and (7) are covered
by case (1). For (8) it is enough to mention that every D-space of countable extent (see Theorem 1.6) is, obviously,
Lindelöf. Symmetrizable spaces are D-spaces (D. Burke [9]); therefore, (8) takes care of (9). For (10), it suffices to
refer to Theorem 1.13 and to a result of W. McArthur in [17]: every pseudocompact Tychonoff space with a regular
Gδ-diagonal is metrizable. This covers (9) as well. Every δθ -refinable space is a weak D-space (see [3]). Together
with Theorem 1.6 this takes care of case (13). Cases (11) and (12) are covered by (13). 
Proposition 1.12 implies the following:
Corollary 1.15. If a locally compact space X is submetrizable, then there are no special closed subsets in X.
After (9) and (10) in Theorem 1.14 it is natural to pose the following question:
Problem 1.16. Is each locally compact space of countable core and with a Gδ-diagonal σ -compact?
In view of Theorem 1.13, this open problem is equivalent to the following one:
Problem 1.17. Is every pseudocompact locally compact space of countable core with a Gδ-diagonal σ -compact?
2. A few more special results on the class of spaces of countable core
The numerous results in the preceding section show that locally compact spaces of countable core that are not
σ -compact are really hard to come by. The result below describes yet another situation of this kind.
Theorem 2.1. Let Y be a locally compact subspace of Cp(X), where X is compact, and suppose that cor(Y )  ω.
Then Y is σ -compact.
Proof. By a theorem of R. Buzyakova [10], Cp(X) for any compact space X is a D-space hereditarily. It remains to
apply Theorem 1.14(8). 
In particular, we have:
Corollary 2.2. Every locally compact subspace of countable core of a Banach space in the weak topology is
σ -compact.
Here is a partial result in the direction of Problem 1.17:
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Proof. It follows from Theorem 1.6 that every closed discrete subset of X is countable. However, the cardinality
of each Tychonoff space with this property and with a Gδ-diagonal does not exceed 2ω, according to a theorem of
J. Ginsburg and G. Woods (see [12] or [14]). 
Many examples of “strange” spaces in topology are constructed as unions of “good” spaces. However, certain
obstacles for constructing locally compact non-σ -compact spaces of countable core as unions of countable families of
nice closed locally compact subspaces are easily established. For example, we cannot build a locally compact non-σ -
compact space of countable core as the union of a countable family of closed metrizable subspaces. For finite families
of metrizable spaces we get even a better result:
Theorem 2.4. If a locally compact space X is the union of a finite collection of metrizable subspaces (not necessarily
closed in X), then the core of X is countable if and only if X is σ -compact.
Proof. It was shown in [6] that if a regular space X is the union of a finite family of metrizable subspaces then X is a
D-space. It remains to refer to Theorem 1.14(8). 
For our next theorem, we need the following lemma:
Lemma 2.5. Let X be a locally compact space, Y be a compact space, and let U be an open subset of X compact
in X from inside. Then U × Y is compact in X × Y from inside.
Proof. The natural projection mapping π of X × Y onto X is perfect. Put W = U × Y , and take any closed subset P
of X × Y contained in W . Then π(P ) is a closed subset of X contained in U . Since U is compact in X from inside,
the set π(P ) is compact. Therefore, the set π−1(P ) = π(P ) × Y is compact. Since P ⊂ π−1(P ), it follows that P is
compact. Hence, W is compact in X × Y from inside. 
Theorem 2.6. Let Z = X × Y , where X is a locally compact space of countable core and Y is a compact space. Then
Z is a locally compact space of countable core.
Proof. Clearly, X×Y is a locally compact space. Take an open covering such as in Proposition 1.8 and multiply each
of its elements by Y . All elements of the countable open covering of the space Z = X × Y so obtained are compact in
X × Y from inside, by Lemma 2.5. Hence, the core of X × Y is countable, by Proposition 1.8. 
Theorem 2.7. If f :X → Y is a perfect mapping of a space X onto a space Y , then Y is a locally compact space of
countable core if and only if X is a locally compact space of countable core.
Proof. Suppose that Y is a locally compact space of countable core. Then X must also be a locally compact space of
countable core by Theorem 2.6 and Proposition 1.5, since X can be represented as a closed subspace of the product
space Y × βX, where βX is the ˇCech–Stone compactification of X.
Suppose now that X is a locally compact space of countable core. Fix a countable open covering γ of X
consisting of sets that are compact in X from inside. We may assume that γ is a chain. For each U ∈ γ , put
VU = {y ∈ Y : f−1(y) ⊂ U}. Clearly, any VU is open in Y . Since γ is an open chain and f−1(y) is compact, the
family η = {VU : U ∈ γ } covers Y . Since η is countable, it remains to show that every VU ∈ η is compact in Y from
inside. Take any closed in Y subset P of VU . Then f−1(P ) is a closed in X subset of U . Since U is compact in X
from inside, it follows that f−1(P ) is compact. Therefore, P = f (f−1(P )) is compact. 
A compact space is dyadic if it can be represented as a continuous image of a generalized Cantor discontinuum Dτ ,
for some τ . In particular, every Tychonoff cube I τ is a dyadic compactum, as well as any compact topological
group [13]. Since every Tychonoff space can be embedded into a dyadic compactum (into I τ , for example), it is
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pactum? One necessary condition is that the Souslin number of the space must be countable. Also the character of
the space must be the same at all points. A precise characterization of open subspaces of I τ , or of open subspaces of
dyadic compacta, is unknown.
Lemma 2.8. For an arbitrary locally compact space X the following conditions are pairwise equivalent:
(1) X is an open subspace of some dyadic compactum Z;
(2) Some compactification of X is a dyadic compactum;
(3) The Alexandroff compactification aX of X is a dyadic compactum.
Proof. Condition (2) implies condition (1), since every locally compact space X is open in an arbitrary compactifica-
tion of X. Clearly, (3) implies (2). To derive (3) from (1), we collapse the closed set F = Z \X to a point and observe
that the quotient space bX = Z|F of Z obtained in this way is the Alexandroff compactification aX of X, since the
remainder bX \ X consists of exactly one point. Since aX = Z|F is a continuous image of a dyadic compactum Z, it
follows that aX is a dyadic compactum. 
Theorem 2.9. If the core of an open subspace X of a dyadic compactum Z is countable, then X is σ -compact.
Proof. In view of Lemma 2.8, we can assume that Z is the Alexandroff compactification aX of X. Let us show that
the Alexandroff point a has a countable base of open neighborhoods in aX. Indeed, otherwise we would be able to
find an uncountable closed discrete subspace in X [13] which is impossible since the extent of every locally compact
space of countable core is countable. Hence, aX is first countable at a, and therefore, X is σ -compact. 
Corollary 2.10. If the complement of a closed subset F of a Tychonoff cube I τ is of countable core, then F is a Gδ-set
in I τ .
Corollary 2.11. If the Alexandroff compactification of a locally compact space X of countable core is dyadic, then X
is σ -compact.
3. Weak first countability at a point and Alexandroff compactification
Let X be a space, and let a be a point of X. A family γ of subsets of X will be called a weak base at a if the
following condition holds:
(wb) A subset U of X containing the point a is open if and only if the set U \ {a} is open and there exists P ∈ γ such
that P ⊂ U .
If X has a countable weak base at a, we say that X is weakly first countable at a.
Let us characterize locally compact spaces X such that their Alexandroff one-point compactification aX is weakly
first countable at the Alexandroff “ideal” point a.
Theorem 3.1. The Alexandroff one-point compactification aX of a non-compact locally compact space X is weakly
first countable at the Alexandroff point a if and only if the core of X is countable.
Proof. (Sufficiency) Suppose that the core of X is countable, and fix a countable chain γ of saturated subsets of X
such that
⋂
γ = ∅. Let us show that γ is a weak base of aX at a.
Take any open neighborhood O(a) of a in aX. Then F = X \ O(a) is a compact subset of X, by the definition of
the topology of aX. Since γ is a chain of closed subsets of X with empty intersection, it follows that F ∩P ∗ = ∅, for
some P ∗ ∈ γ . Then P ∗ ⊂ O(a) = aX \ F .
Let W be any subset of aX such that W ∩X is open in X and let P0 ⊂ W , for some P0 ∈ γ . We have to show that
X \W is a compact subset of X. Assume the contrary. Then, since X \W is closed in X, and P0 is saturated, we must
have P0 ∩ (X \W) = ∅, a contradiction with P0 ⊂ W . The sufficiency is established, since the family γ is countable.
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assume that each element of η is closed in aX. Put γ = {F ∩ X: F ∈ η}. Obviously,⋂η = {a}; therefore,⋂γ = ∅.
Thus, γ is a countable family of closed sets in X with empty intersection. It remains to note that every S ∈ γ intersects
every non-compact closed subset P of X. This is so, since a ∈ P and η is a weak base of aX at a. 
Corollary 3.2. The Alexandroff compactification aX of a locally compact non-compact space is weakly first countable
at the Alexandroff point a if and only if X can be covered by a countable family η of open compact from inside subsets
of X.
Proof. This follows immediately from Proposition 1.8. 
Recall that a space X is ω1-Lindelöf if every subset of cardinality ω1 has a point of complete accumulation in X.
Theorem 3.3. Under (CH), there exists a weakly θ -refinable, locally compact, locally countable, locally metriz-
able space X of countable core (therefore, of countable extent) such that X is not ω1-Lindelöf (therefore, X is not
σ -compact).
Proof. Take in the role of X a locally compact locally metrizable space constructed by Yakovlev under (CH) in [19].
Yakovlev established that Alexandroff compactification aX is weakly first countable at a. From this and from Theo-
rem 3.1 it follows that the core of X is countable. Hence, the extent of X is countable. That Yakovlev’s space is not
ω1-Lindelöf, or better to say, that it cannot be ω1-Lindelöf, follows from Proposition 3.4 below, since Yakovlev’s space
is first countable. Notice that Yakovlev’s space X is also locally countable, scattered, it is the union of a countable
family of discrete (non-closed) subspaces and therefore, is weakly θ -refinable [7], and it is neither perfect, nor count-
ably paracompact. The space X is not submetrizable, since, as we have shown above, otherwise it would have been
σ -compact. Because of the last reason, the well-known and well-cited locally compact locally countable σ -discrete
non-metrizable space Z of countable extent constructed by Howard Wicke and Eric van Douwen in [11] under no
additional assumptions, and looking very similar to Yakovlev’s space with respect to its properties, cannot be taken in
place of Yakovlev’s space: the space Z is submetrizable and therefore, the core of it is uncountable. 
The following statement is a special case of a theorem from [5]:
Proposition 3.4. Assume CH, and let X be a locally compact, first countable, and ω1-Lindelöf space. Then X is
σ -compact.
Proof. Arhangel’skii and Buzyakova have shown in [5] that under CH every first countable ω1-Lindelöf Tychonoff
space is Lindelöf. Hence, X is Lindelöf and therefore, X is σ -compact. 
The last results lead to some natural questions. Suppose that X is an ω1-Lindelöf locally compact space of countable
core. Is then X Lindelöf? What if X is a linearly Lindelöf space of countable core? Even the answer to the second
question is in negative.
Example 3.5. K. Kunen has constructed [15] a compact space Z with a point a ∈ Z such that there are an uncount-
able cardinal τ , a strictly increasing sequence {τn: n ∈ ω} of cardinals converging to τ , and a decreasing sequence
{Fn: n ∈ ω} of closed sets in Z satisfying the following conditions:
(1) The character of a in Z is uncountable;
(2) ⋂{Fn: n ∈ ω} = {a};
(3) The character χ(Fn,Z) of the set Fn in Z does not exceed τn;
(4) a ∈ Z \ Fn, for every n ∈ ω;
(5) If A ⊂ Z \ Fn and |A| < τ , then a is not in the closure of A;
(6) The subspace X = Z \ {a} is linearly Lindelöf.
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condition (6) follows from the other conditions.
Claim. The space Z is weakly first countable at the point a ∈ Z.
To prove this, it is enough to show that the family η = {Fn: n ∈ ω} is a weak base of Z at a. It follows from
condition (2) and compactness of Z that every open neighborhood of a contains an element of η.
Now, let W ⊂ Z and k ∈ ω be such that W \ {a} is open in Z and Fk ⊂ W . We have to show that W is open in Z.
Assume that it is not, and put P = Z \ W . Then a ∈ P and a ∈ Fk . Fix a base γk of neighborhoods of the set Fk
in Z such that |γk| τk (we use condition (3)). Then a is in every element of γk , and therefore, V ∩ P = ∅, for each
V ∈ γk . We pick xV ∈ V ∩P , for every V ∈ γk , and put B = {xV : V ∈ γk}. Since γk is a base of neighborhoods of the
set Fk in Z, we have B ∩ Fk = ∅. On the other hand, W ∩ P = ∅, W \ {a} is open in Z, and Fk ⊂ W . Therefore, the
only point of Fk that can be in the closure of B is the point a. Hence, a ∈ B . Clearly, |B| τk < τ and B ⊂ Z \ Fk , a
contradiction with condition (5).
Thus, Kunen’s space X is locally compact and not σ -compact, but the core of X is countable.
Corollary 3.6. Some closed subspace Y of Kunen’s space X is a non-Lindelöf pseudocompact locally compact linearly
Lindelöf space of countable core.
Problem 3.7. Is there an example in ZFC of a first countable locally compact non-σ -compact space of countable core?
Problem 3.8. [5] Is it true in ZFC that every first countable linearly Lindelöf locally compact space is Lindelöf?
Problem 3.9. Is it true in ZFC that every first countable linearly Lindelöf locally compact space of countable core is
σ -compact?
One might try to answer the last two questions by taking a suitable perfect image of Kunen’s space X = Z \ {a} dis-
cussed in Example 3.5. However, this cannot work since under CH every such image must have cardinality not greater
than 2ω, while Kunen’s space X cannot be represented (under (CH)) as the union of  2ω of compact subspaces.
It is tempting to try to find a simpler version of Kunen’s space, or a version of it with some strong additional
properties. For example, it is natural to ask whether there exists a compact subspace F in some Tychonoff cube I τ
such that the locally compact space I τ \ F is linearly Lindelöf but not Lindelöf. Let us show that this is impossible.
The following statement can be proved by an argument similar to the argument in the proof of Theorem 2.9:
Theorem 3.10. Extent coincides with Lindelöf degree for every open subspace of arbitrary Tychonoff cube.
Corollary 3.11. Let X be an open subspace of a Tychonoff cube I τ . If the extent of X is countable, then X is
σ -compact.
In particular, the above statement is applicable to ω1-Lindelöf and to linearly Lindelöf open subspaces of I τ , which
implies that we cannot find a Kunen-type space among open subspaces of I τ .
The cardinality of every σ -compact first countable space does not exceed 2ω, since the cardinality of every first
countable compact space does not exceed this cardinal. However, we do not know the answer to the following question:
Problem 3.12. Is the cardinality of every first countable locally compact space of countable core not greater than 2ω?
Is this true in ZFC? Is this, at least, consistent with ZFC?
The next theorem is motivated by this question and by the well known classical result of Alexandroff and Urysohn,
who proved in [1] that the cardinality of every perfectly normal compact space does not exceed 2ω.
Theorem 3.13. Let X be a locally compact space such that the core of every open subspace of X is countable. Then
the cardinality of X does not exceed 2ω.
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the core of Y is countable. Since A is a closed subspace of Y , it follows that the core of A is countable. Hence, A must
be countable.
Every space in which all discrete subspaces are countable contains a dense hereditarily Lindelöf subspace [2].
Therefore, there exists a dense hereditarily Lindelöf subspace Z in X. We have |Z| 2ω [13]. Since the core of the
subspace X \ {x} is countable for every x ∈ X, and X is the Alexandroff compactification of the space X \ {x}, it
follows that X is weakly first countable (at each point). Hence, X is sequential [2]. Since Z is dense in X, we have
|X| 2ω [2]. 
A result related to Theorem 3.13 was obtained by R.M. Stephenson [18]. He proved that every hereditarily normal
weakly first countable countably compact space is first countable.
Problem 3.14. Is there, in ZFC, a compact space X such that the core of every open subspace of X is countable, but
X is not perfectly normal? Is there, at least, a consistent example of such a space?
I also repeat an old question:
Problem 3.15. Is there in ZFC an example of a weakly first countable (at every point) compact space that is not first
countable (at least at one point)?
In connection with the last two questions, see [16].
A space X is said to be Fréchet–Urysohn at a point x ∈ X if, for every A ⊂ X and each x ∈ A there exists a se-
quence ξ = {an: n ∈ ω} in A converging to x. Clearly, if a space X is first countable at x, then X is Fréchet–Urysohn
at x. Every weakly first countable Fréchet–Urysohn space is first countable. Let us consider when Alexandroff com-
pactification of a locally compact space is Fréchet–Urysohn at the Alexandroff point.
Theorem 3.16. Let X be any non-compact locally compact space such that every closed pseudocompact subspace
of X is compact, and let aX be the Alexandroff compactification of X. Then aX is Fréchet–Urysohn at the Alexandroff
point a.
Proof. Take any subset M of X such that a ∈ M , and let B be the closure of M in X. Then B is closed in X, but not
closed in aX, and therefore, B is not compact. Hence, B is not pseudocompact. Thus, there exists an infinite countable
discrete in B family γ of non-empty open subsets of B . Since M is dense in B , we can fix xU ∈ U ∩ M , for every
U ∈ γ . Clearly, A = {xU : U ∈ γ } is a countable subset of M , and A is discrete in X. Take any open neighborhood W
of a in aX. Clearly, X \ W is compact, and A ∩ (X \ W) is discrete in X \ W ; therefore, A \ W is finite. Hence,
A converges to a, and aX is Fréchet–Urysohn at a. 
Corollary 3.17. For any locally compact space of countable core the following three conditions are equivalent:
(1) Alexandroff compactification aX of X is Fréchet–Urysohn at the Alexandroff point a;
(2) Alexandroff compactification aX of X is first countable at the Alexandroff point a;
(3) The space X is σ -compact.
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